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The presence of anisotropic materials in various ﬁelds such as
solid mechanics (composites) or biomechanics (human tissues)
has led to a large number of research works. The aim of this paper
is to study in detail the case of a material with two ﬁber families in
the context of biomechanics. To investigate internal deformation
and stress of biological soft tissues such as ligaments, tendons or
arterial walls, anisotropic hyperelastic constitutive laws are often
used in the framework of ﬁnite element analysis (Weiss et al.,
1996; Almeida and Spilker, 1998; Rüter and Stein, 2000). The most
used strain-energy functions take a power law form (Schröder
et al., 2005) or present an exponential behavior (Fung et al.,
1979; Holzapfel et al., 2000). More recently, Balzani et al., 2006
have proposed polyconvex strain energy functions combining an
exponential form with a power law to take care of the tissues
behavior in the low load domain. To account for viscoelastic ef-
fects, (Merodio, 2006; Merodio and Rajagopal, 2007; Merodio and
Goicolea, 2007) have studied how to build thermodynamically
consistent constitutive equations in the framework of the theory
of algebraic invariants. In general, the anisotropy can be repre-
sented via the introduction of a so-called structural tensor, which
allows a coordinate-invariant formulation of the constitutive equa-
tions (Spencer, 1987; Boehler, 1987; Zheng and Spencer, 1993a,b).ll rights reserved.
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k), alain.thionnet@ensmp.frIt is usually assumed that anisotropy is due to the collagen ﬁbers
behavior (Gasser et al., 2006), while the ground substance, or ma-
trix, behaves in an isotropic manner, so the energy densities mod-
eling transversely isotropic and orthotropic soft tissues are often
separated into isotropic and anisotropic parts (Weiss et al., 1996;
Balzani et al., 2006). Each anisotropic density refers to a preferred
direction of the material. The number of ﬁber families is generally
set to 1 to model tissues as ligaments or tendons while it is set to 2
to represent the behavior of arterial walls. For example, in the Hol-
zapfel–Gasser–Ogdens’s (HGO) constitutive law (Holzapfel et al.,
2000; Holzapfel and Gasser, 2001), two transversely isotropic ener-
gies with two distinct preferred directions corresponding to two ﬁ-
ber families are superimposed to model the embedded collagen
ﬁbers. However, some questions still remain open:
 There are a wide variety of model (including but not limited to,
quote (Holzapfel et al., 2000; Holzapfel et al., 2002; Peng et al.,
2006)) but, up to now, a few are implemented in industrial mul-
tipurpose codes. It is therefore not an easy task for engineer to
select the appropriate model for ﬁnite element analysis.
 Some invariants associated with those laws are difﬁcult to be
physically interpreted and can lead to numerical problems.
For example, Merodio and Ogden (2006) have investigated the
destabilizing inﬂuence of the invariant I8 due to an ellipticity
fail. Additionally, the key role of polyconvex model has been
underlined by Schröder et al. (2005) in order to satisfy stability
condition and ellipticity. Finally, the replacement of classical
invariants by new ones accordingly to polyconvex consideration
is discussed in Balzani et al. (2006).
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metry group is made of all rotations around the ﬁber axis. The
cardinal of this set is therefore not a ﬁnite number. This raises
some theoretical difﬁculties since the application of the Noe-
ther’s theorem requires working with a material symmetry
group which includes a ﬁnite number of elements.
From the mid-1950s, the theory of invariants has been widely
used (Rivlin and Ericksen, 1955; Spencer, 1971; Boehler, 1977,
1978, 1979; Wang, 1970; Smith, 1965, 1971; Holzapfel et al.,
2000, 2002; Liu, 1982; Peng et al., 2006; Zheng and Boehler,
1994; Schröder and Neff, 2003). More recently, a new constructive
method to derive the behavior laws for anisotropic media was
introduced by Thionnet and Martin, 2006. This is a systematic
method to ensure that the polynomial invariants can be written
in a unique form. However, the application of this new method is
targeted to damage in composite materials for the aerospace
industry. In this paper, this method is adapted with several
improvements to the case of anisotropic hyperelastic materials
with two ﬁber families.2. Mathematical foundations
In this paper, a bold-face lowercase letter, say a, and a bold-face
capital letter, say A, will denote a vector and a second order tensor
respectively. An outline capital letter, sayA, refers to a n-order ten-
sor with nP 3. The theory of invariants involves the use of mathe-
matical tools such as tensor analysis and polynomial algebra (Cox
et al., 2007). Therefore, we recall some basic deﬁnitions related to
these two ﬁelds and some invariant properties with regard to the
symmetry group considered in thiswork (i.e. the group of symmetry
respecting twoﬁber families). This groupwill bepresented later. The
group of all orthogonal transformations ofR3 (PPT ¼ PTP ¼ I) is de-
noted byO3 andO3þ is called the group of all rotation or the rotation
group ofR3 (PPT ¼ PTP ¼ I; detP > 0) where I is the identity tensor
and det represents the determinant of a matrix.
Structural tensor: A tensor that characterizes the geometrical
symmetries of the microstructure of the material, is called a struc-
tural tensor.
Material symmetry group is the subgroup of O3þ deﬁned as the
invariance group of the structural tensors. This subgroup will be
denoted S hereafter.
Vector space of polynomials: We write R½x1; . . . ; xn for the vector
space of real polynomials in n variables which is also a polynomial
ring.
A monomial of R½x1; . . . ; xn is denoted:
xa ¼ xa11 xa22 . . . xann ð1Þ
Where a ¼ ða1;a2; . . . ;anÞ 2 N n and
x ¼
x1
x2
..
.
xn
0
BBBB@
1
CCCCA ð2Þ
The total degree jaj of the monomial xa is deﬁned by
jaj ¼ a1 þ a2 þ . . .þ an.
Set of generators: Let K  R½x1; . . . ; xn be a subring of the ring of
real polynomials in n variables. A set of generators of K is a ﬁnite
family of polynomials fg1; g2; . . . ; gsg such that
8P 2 K; 9Q 2 R½y1; . . . ; ys : P ¼ Qðg1; g2; . . . ; gsÞ ð3Þ
Integrity basis: A set of generators is called an integrity basis if
none of its elements can be written as a polynomial in the other
elements of this set.In order to build hyperelastic behavior laws, it is required to use
tensor variable as the right Cauchy-Green strain tensor C. To be
consistent with the polynomial invariant theory, which makes
use of vectors, a vector space W is introduced. The construction
of this vector space consists in replacing C by a vector x as follows
x 2 W () x ¼
C11
C12
C13
C22
C23
C33
0
BBBBBBBB@
1
CCCCCCCCA
ð4Þ
The dimension of W is 6.
According to Thionnet and Martin, 2006, the problem is now to
ﬁnd a polynomial function f which is invariant under the material
symmetry group S:
f ðgCgTÞ ¼ f ðCÞ; 8g 2 S ð5Þ
The nature of this material symmetry group will be speciﬁed later.
In order to reformulate f as a function of x, we can notice that
ðgCgTÞij ¼ ðgikgjlÞCkl ð6Þ
The relation between ðgCgTÞij and Ckl is linear. It can thus be ex-
pressed in a matrix form by using a 6 6 matrix AðgÞ
ðgCgTÞ11
ðgCgTÞ12
ðgCgTÞ13
ðgCgTÞ22
ðgCgTÞ23
ðgCgTÞ33
0
BBBBBBBBBB@
1
CCCCCCCCCCA
¼ AðgÞ
C11
C12
C13
C22
C23
C33
0
BBBBBBBB@
1
CCCCCCCCA
ð7Þ
The invariant property (5) can then be written as
f ðAxÞ ¼ fðxÞ 8A 2 G ð8Þ
with
G ¼ fAðgÞ; 8g 2 Sg ð9Þ
The number of elements of G, called the order of G, is noted jGj. This
order plays a key role in Noether’s theorem which is reminded
hereafter:
Noether’s theorem: A polynomial ring R½x ðx ¼ ðx1; . . . ; xnÞÞ and
a ﬁnite group of matrix G are considered. The set of invariant poly-
nomials ofR½x under G (i.e. satisfying (8)) is generated by the fam-
ily F deﬁned by
F ¼ fRGðxaÞ; a ¼ ða1;a2; . . . ;anÞ; jaj 6 jGjg ð10Þ
where RG is the Reynolds operator given by
RGðPÞðxÞ ¼ 1jGj
X
x2G
PðAxÞ; P 2 R½x ð11Þ
The main interest of Noether’s theorem is to construct a set of
invariant polynomials under G with a restricted set of monomial
whose degree is less than the order of G. In the framework of this
work, it will be demonstrated in next sections that the application
of Noether’s theorem leads to a family F of 124 polynomials. To ob-
tain a reduced number of invariants which will be more appropri-
ate for modeling purpose than 124 invariants, an integrity basis
including only 7 polynomials will be next exhibited.
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We consider a biological material with two families of collagen
ﬁbers represented by two preferred directions. The preferred direc-
tions of ﬁbers in the reference geometry are denoted by the unit
vectors a and b. It is obvious that the plane perpendicular to the
plane ða;bÞ and containing the bisector of a and b is a plane of sym-
metry for the material. This plane is denoted by P2 (Fig. 1). For the
same reason, the plane P1 perpendicular to the ﬁbers plane and
including the co-bisector of a and b is also a plane of symmetry
of the material. The plane of ﬁbers, noted P3, is obviously also a
plane of symmetry for the material. Those considerations lead to
introduce the unit vectors perpendicular to each planes:
nð1Þ ¼ bþ akbþ ak ; n
ð2Þ ¼ b akb ak ; n
ð3Þ ¼ nð1Þ ^ nð2Þ ð12Þ
where ‘‘^’’ is the cross product. Those three vectors fnð1Þ; nð2Þ; nð3Þg
form an orthonormal basis. They will be used to calculate the ten-
sors belonging to the material symmetry group in the following
subsection.
3.1. The material symmetry group
It is intuitively obvious that the material properties remain
invariant under the action of the three reﬂections related to the
planes P1; P2 and P3. A similar conclusion arises if the three rota-
tions by an angle p around nð1Þ; nð2Þ and nð3Þ are considered. The
six orthogonal tensors related to these three reﬂections and three
rotations can be easily expressed as follows
Rðnð1ÞÞ ¼ I 2nð1Þ  nð1Þ ¼ Qpðnð1ÞÞ
Rðnð2ÞÞ ¼ I 2nð2Þ  nð2Þ ¼ Qpðnð2ÞÞ
Rðnð3ÞÞ ¼ I 2nð3Þ  nð3Þ ¼ Qpðnð3ÞÞ
ð13Þ
where the tensor product ‘‘’’ is deﬁned in the appendix.
Finally, the material properties remain invariant under I and I.
Therefore, we conclude that the material symmetry group denoted
by S8, contains eight tensors
S8 ¼ fTm; m ¼ 1; . . . ;8g ð14Þ
with
T1 ¼ I; T2 ¼ Rðnð1ÞÞ; T3 ¼ Rðnð2ÞÞ; T4 ¼ Rðnð3ÞÞ
T5 ¼ I; T6 ¼ Rðnð1ÞÞ; T7 ¼ Rðnð2ÞÞ; T8 ¼ Rðnð3ÞÞ
ð15Þ
S8 is stable under multiplication, contains the neutral element I and
each element has an inverse in S8. This confers a group structure to
S8.Fig. 1. The material planes of symmetry.3.2. Calculation of a set of generators of invariant polynomials –
application of Noether’s theorem
Before using Noether’s theorem (refer to (10)) to calculate a set
of generators of invariant polynomials, we need to determine the
group G deﬁned by (9) constructed from the material symmetry
group S8. From (9) and (14), we obtain
G ¼ fAðgÞ; 8g 2 S8g ¼ fAðTmÞ; m ¼ 1; . . . ; 8g ð16Þ
It results from (6) and (7) that
AðTmÞ ¼ AðTmÞ ð17Þ
This proves that G only contains four elements.
G ¼ fAðTmÞ; m ¼ 1; 2; 3; 4g; jGj ¼ 4 ð18Þ
Now, by applying Noether’s theorem to the group G deﬁned by (18),
we get the following set of generators
F ¼ RGðPaÞðxÞ ¼
1
4
P4
m¼1ðAðTmÞxÞa
8a ¼ ða1; . . . ;a6Þ 2 N6; jaj 6 4
( )
ð19Þ
where Pa represents the monomial PaðxÞ ¼ xa.
Recall that a has six components since we consider a 6-dimen-
sional vector spaceW (4). By deﬁnition (1), the generic term in (19)
can then be developed in
ðAðTmÞxÞa ¼ ðAðTmÞxÞa11 ðAðTmÞxÞa22    ðAðTmÞxÞa66 ð20Þ
Hence, from (7), we have
AðTmÞx ¼
ðTmCTTmÞ11
ðTmCTTmÞ12
ðTmCTTmÞ13
ðTmCTTmÞ22
ðTmCTTmÞ23
ðTmCTTmÞ33
0
BBBBBBBBBB@
1
CCCCCCCCCCA
¼
C 0ðmÞ11
C 0ðmÞ12
C 0ðmÞ13
C 0ðmÞ22
C 0ðmÞ23
C 0ðmÞ33
0
BBBBBBBBBB@
1
CCCCCCCCCCA
ð21Þ
with the following notations
C0ðmÞ ¼ TmCTTm ð22Þ
It is therefore deduced from (20) and (21)
ðAðTmÞxÞa ¼ ðC0ðmÞ11 Þa1 ðC0ðmÞ12 Þa2 ðC0ðmÞ13 Þa3 ðC0ðmÞ22 Þa4 ðC0ðmÞ23 Þa5 ðC0ðmÞ33 Þa6 ð23Þ
Before we calculate the set F, we ﬁrst need to calculate C0ðmÞ from
(22) by accounting the speciﬁc expression of Tm given by (15).
Theorem 1. By accounting Eq. (15), the second order tensors
C0ðmÞ ðm ¼ 1;2;3;4Þ deﬁned by (22) can be expressed as
C0ð1Þ ¼ fc1 þ c2 þ c3 þ c4 þ c5 þ c6g
C0ð2Þ ¼ fc1 þ c2 þ c3  c4  c5 þ c6g
C0ð3Þ ¼ fc1 þ c2 þ c3  c4 þ c5  c6g
C0ð4Þ ¼ fc1 þ c2 þ c3 þ c4  c5  c6g
ð24Þ
where
c1 ¼ q1ðnð1Þ  nð1ÞÞ c4 ¼ q4ðnð1Þ  nð2Þ þ nð2Þ  nð1ÞÞ
c2 ¼ q2ðnð2Þ  nð2ÞÞ c5 ¼ q5ðnð1Þ  nð3Þ þ nð3Þ  nð1ÞÞ
c3 ¼ q3ðnð3Þ  nð3ÞÞ c6 ¼ q6ðnð2Þ  nð3Þ þ nð3Þ  nð2ÞÞ
ð25Þ
q1 ¼ hCnð1Þ;nð1Þi; q2 ¼ hCnð2Þ;nð2Þi; q3 ¼ hCnð3Þ;nð3Þi
q4 ¼ hCnð1Þ;nð2Þi; q5 ¼ hCnð1Þ;nð3Þi; q6 ¼ hCnð2Þ;nð3Þi
ð26Þ
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C0ð1Þ ¼ ICIT ¼ C ð27Þ
Obviously
C ¼
X3
k;l¼1
hCnðkÞ;nðlÞinðkÞ  nðlÞ ð28Þ
Eq. (24.a) results directly from (28), (25) and (26). We now focus on
C0ð2Þ which is a little bit more complicated to deal with. It follows
from Eqs. (13), (15) and (22) that
C0ð2Þ ¼ C 2nð1Þ  nð1Þ C  2Cnð1Þ  nð1Þ þ 4nð1Þ  nð1ÞCnð1Þ  nð1Þ
ð29Þ
By (28), the second and third terms in (29) are written as
nð1Þ  nð1ÞC ¼
X3
k¼1
hCnðkÞ;nð1Þinð1Þ  nðkÞ ð30Þ
Cnð1Þ  nð1Þ ¼
X3
k¼1
hCnðkÞ;nð1ÞinðkÞ  nð1Þ ð31Þ
By adding the two above equations, we obtain that
nð1Þ  nð1ÞCþ Cnð1Þ  nð1Þ ¼ 2c1 þ c4 þ c5 ð32Þ
Finally, it is easy to demonstrate that the last term in (29) reduces
to
nð1Þ  nð1ÞCnð1Þ  nð1Þ ¼ hCnð1Þ;nð1Þinð1Þ  nð1Þ ¼ c1 ð33Þ
Reporting (28), (32) and (33) in (29) gives (24.b). The same proof
can be applied to C0ð3Þ and C0ð4Þ in order to obtain (24.c) and (24.d).
This completes the demonstration.
It is now possible to calculate all elements of the set of genera-
tors F deﬁned by (19). To shorten the notation, we ﬁrst introduce ba
by
ba ¼ RGðPaÞðxÞ; PaðxÞ ¼ xa ð34Þ
For example, if a ¼ ð1; 0;1;2; 0;0Þ
b101200 ¼ RGðP101200ÞðxÞ ð35Þ
P101200ðxÞ ¼ x11x02x13x24x05x06 ¼ x1x3x24 ð36Þ
Theorem 2 below gives an analytical and generic expression for
all invariants of F with the notation of (34).
Theorem 2. The elements of F can be written as
ba ¼
1
4
ðc1 þ c2 þ c3 þ c4 þ c5 þ c6Þjaj
þðc1 þ c2 þ c3  c4  c5 þ c6Þjaj
þðc1 þ c2 þ c3  c4 þ c5  c6Þjaj
þðc1 þ c2 þ c3 þ c4  c5  c6Þjaj
8>><
>>>:
9>>=
>>>;
: Ka ð37Þ
where ci; ði ¼ 1; . . . ;6Þ are deﬁned by (25), ba by (34) and Ka is given
by
Ka ¼ e1  e1|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
a1 times
 e1  e2|ﬄﬄﬄ{zﬄﬄﬄﬄ}
a2 times
 e1  e3|ﬄﬄﬄﬄ{zﬄﬄﬄ}
a3 times
 e2  e2|ﬄﬄﬄﬄ{zﬄﬄﬄ}
a4 times
 e2  e3|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
a5 times
 e3  e3|ﬄﬄﬄ{zﬄﬄﬄﬄ}
a6 times
ð38Þ
The tensor product ‘‘’’ and the tensor contraction ‘‘:’’ are both
deﬁned in Appendix.Proof. According to (19) and (23), the invariant ba can be written
as
ba ¼
1
4
X4
m¼1
ðC 0ðmÞ11 Þa1 ðC 0ðmÞ12 Þa2 ðC 0ðmÞ13 Þa3 ðC 0ðmÞ22 Þa4 ðC0ðmÞ23 Þa5 ðC 0ðmÞ33 Þa6 ð39ÞMoreover, thanks to (.3), (.4) and (38),
ðC 0ðmÞ11 Þa1 ðC 0ðmÞ12 Þa2 ðC 0ðmÞ13 Þa3 ðC 0ðmÞ22 Þa4 ðC 0ðmÞ23 Þa5 ðC 0ðmÞ33 Þa6
¼ ðC0ðmÞÞða1þa2þ...þa6Þ : Ka ¼ ðC0ðmÞÞjaj : Ka ð40Þ
Reporting (40) in (39)
ba ¼
1
4
fðC0ð1ÞÞjaj þ ðC0ð2ÞÞjaj þ ðC0ð3ÞÞjaj þ ðC0ð4ÞÞjajg : Ka ð41Þ
Theorem 1 allows us to complete the demonstration.
It is noted that ba involves two parts. The ﬁrst one is included in
the bracket of (37). This part only depends on a by its length jaj.
Moreover, according to (25), the tensors c1; . . . ; c6 depend on
geometry through the planes perpendicular vectors nð1Þ; nð2Þ and
nð3Þ and on mechanical deformation through the right Cauchy-
Green strain tensors C. Contrary to the ﬁrst part which only ac-
counts for the length of a, the second part Ka includes the inﬂuence
of each component of a. According to (.9), it is also noticed that this
second part depends on the selected vector basis fe1; e2; e3g. This
means that formula (37) separates by a tensor product an intrinsic
part to another one which is not. By accounting for all the possibil-
ities related to a ¼ ða1; . . . ;a6Þ (ai varying from 0 to 4), it is easy to
demonstrate that F includes 4C16 þ 3C26 þ 2C36 þ C46 invariants,
where Ckn is deﬁned by
n!
k!ðnkÞ!, that is to say 124 invariants. It a priori
exists polynomial relations between these invariants. To determine
these relations and obtain the uniqueness of the polynomial func-
tion satisfying the invariance property under the material symme-
try group, we need to build an integrity basis.
3.3. Calculation of an integrity basis
Groebner basis can be helpful in order to construct an integrity
basis (Cox et al., 2007). This kind of approach was used by Thionnet
andMartin (2006) to study damaged composite material. However,
in the case under study, it is possible to perform analytical calcula-
tion as shown in Theorem 3 above.
Theorem 3. An integrity basis of the set of generators F deﬁned by
(19) is given by:
F1 ¼ fq1; q2; q3; q24; q25; q26; q4q5q6g ð42Þ
where q1; . . . ;q6 are deﬁned by (26).Proof. Starting from the general formula of ba (37), wewill show that
ba is always written as a function in terms of elements of F1. We note
ﬁrst that (37) is a power law with exponent jaj using 4 terms
c1 þ c2 þ c3; c4; c5 and c6. Unfortunately, the binomial theorem can-
not be directly used because the tensor product does not commute
A B– B A ð43Þ
However
ðAþ BÞ2 ¼ A2 þ A Bþ B Aþ B2 ð44Þ
It sufﬁces then to generalize (44) to obtain an algebric expansion of
(37).
ðc1 þ c2 þ c3 þ c4 þ c5 þ c6Þjaj ¼
X4jaj
i¼1
Piðc1 þ c2 þ c3; c4; c5; c6Þ ð45Þ
ðc1þc2þc3c4c5þc6Þjaj ¼
X4jaj
i¼1
Piðc1þc2þc3;c4;c5;c6Þð1Þqi ð1Þri ð46Þ
ðc1þc2þc3c4þc5c6Þjaj ¼
X4jaj
i¼1
Piðc1þc2þc3;c4;c5;c6Þð1Þqi ð1Þsi ð47Þ
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¼
X4jaj
i¼1
Piðc1 þ c2 þ c3; c4; c5; c6Þð1Þri ð1Þsi ð48Þ
In Eqs. (45)–(48), Pi is a polynomial whose degree is equal to jaj. It
depends on four variable c1 þ c2 þ c3; c4; c5 and c6. Each variable is
involved pi; qi; ri and si times respectively
pi þ qi þ ri þ si ¼ jaj ð49Þ
The sums appearing in (45)–(48) contain 4jaj polynomials Pi because
the left hand sides concern the sum of four terms to the power of
jaj. Finally, the terms ð1Þqi ; ð1Þri ; ð1Þsi result from the sign of
c4; c5 and c6 in the left hand side of (45)–(48). By combining
(45)–(48), it is obtained
ba ¼
1
4
X4jaj
i¼1
Piðc1 þ c2 þ c3; c4; c5; c6Þ
1þ ð1Þqiþriþ
ð1Þqiþsi þ ð1Þriþsi
" #( )
: Ka
ð50Þ
In order to simplify (50), the cases where the term
1þ ð1Þqiþri þ ð1Þqiþsi þ ð1Þriþsi is non zero are discussed.
Depending on the parity of 3 integers qi þ ri; qi þ si and ri þ si, four
different values (2,0,2 and 4) can actually occur.
(a) 3 even numbers: 1þ ð1Þqiþri þ ð1Þqiþsi þ ð1Þriþsi ¼ 4
This case is only possible if all qi; ri and si are even or odd
simultaneously. Actually, if qi þ ri is even then qi and ri are
both even or odd. Let us assume that they are even. qi þ si
being also even, si is necessarily even. Therefore, qi; ri and
si are even. In the same way, we can conclude that qi; ri
and si are odd if it was assumed that qi and ri were both odd.
(b) 2 even numbers and 1 odd number: 1þ ð1Þqiþri þ ð1Þqiþsiþ
ð1Þriþsi ¼ 2.
This case is not possible. Let us assume for example that
qi þ ri and qi þ si are both even, and ri þ si is odd.
qi þ ri  ðqi þ siÞ ¼ ri  si is therefore even. As ri þ si is odd,
ri þ si þ ri  si is odd, which contradicts the fact that
ri þ si þ ri  si ¼ 2ri is obviously even.
(c) 3 odd numbers: 1þ ð1Þqiþri þ ð1Þqiþsi þ ð1Þriþsi ¼ 2
This case is not possible. As qi þ ri þ qi þ si þ ri þ si ¼
2ðqi þ ri þ siÞ must be odd, which is absurd.
(d) 1 even number and 2 odd numbers: 1þ ð1Þqiþri þ ð1Þqiþsiþ
ð1Þriþsi ¼ 0
Considering cases (a), (b) and (c), it is deduced that case (d)
only occurs if qi; ri and si are not even or odd
simultaneously.
All cases have been reported. Eq. (50) thus simpliﬁes to
ba ¼
X
i2I
Piðc1 þ c2 þ c3; c4; c5; c6Þ
( )
: Ka ð51Þ
where I is the set deﬁned by
I ¼ i : qi; ri and si are even or odd simultaneouslyf g ð52Þ
On the one hand, the polynomials Pi related to even numbers
ðqi ¼ 2li; ri ¼ 2mi; si ¼ 2niÞ provide terms of the form ðq24Þli ðq25Þmi
ðq26Þni . On the other hand, the polynomials related to odd numbers
ðqi ¼ 2li þ 1; ri ¼ 2mi þ 1; si ¼ 2ni þ 1Þ provide terms of the form
q2liþ14 q
2miþ1
5 q
2niþ1
6 ¼ ðq24Þli ðq25Þmi ðq26Þniq4q5q6. In both cases, as Pi also
depends on c1 þ c2 þ c3 , it also provides terms related to q1; q2
and q3 according to (25). It can thus be concluded that ba is a func-
tion of the seven terms q1; q2; q3; q24; q25; q26 and q4q5q6. The
proof is complete.Remark 1. It is easy to verify that the seven elements of the set F1
deﬁned by (42) are invariant under the material symmetry group
while q4; q5 and q6 are not.Remark 2. Although F1 is an integrity basis, a relation between the
generators exists. If we denote by f1 ¼ q1; f 2 ¼ q2; . . . ; f7 ¼ q4q5q6
the generators of F1, we have a unique relation which is f 27 ¼ f4f5f6.3.4. Writing objective polynomials
At this stage of the paper we have constructed a basis F1 of gen-
erators for the set of invariants polynomials under the group of sym-
metry S8. That basis is expressed in terms of qi deﬁned by (26). The
scalars qi should be understood as scalar-valued functions of the
tensor C. Those functions are givenwithout any references to a basis
as they only depend on C; nðiÞ and the scalar product. Such a scalar
function is necessarly frame-indifferent, i.e. objective.
Therefore to write a S8-invariant objective polynomial function f
of C we only need to choose a polynomial in seven variables
Qðy1; . . . ; y7Þ and write
f ðCÞ ¼ Qðq1;q2;q3;q24;q25;q26;q4q5q6Þ ð53Þ
The polynomial function f will be
 S8 invariant, because written in terms of the basis F1.
 objective, because so are the qi.
Let us restate (53) in the framework of invariant theory. A con-
sequence of Hilbert’s basis theorem is that any ﬁnitely generated
ring of invariant polynomials can be written as a quotient of a poly-
nomial ring (in the generators) modulo the relations. In the context
of this paper if we denote by RS8 ½x1; . . . ; x6 the ring of invariant
polynomials in six variables (C depends on 6 variables) under the
material symmetry group S8 and we still denote by fi the genera-
tors of F1, then we have the following isomorphism
RS8 ½x1; . . . ; x6 ’ R½f1; f2; . . . ; f7= < f 27  f4f5f6 > ð54Þ
This isomorphism is more precise than the statement of Eq. (53)
regarding to the uniqueness of the invariant polynomial: to obtain
a polynomial f on C invariant under S8 we choose Q 2 R½f1; . . . ; f7
and the isomorphism (54) tells us that the correspondence f $ Q
will be unique modulo the relation f 27  f4f5f6.
Remark 3. It was ﬁrst pointed out by Thionnet and Martin, 2006
that, in this constructive method, the problem of obtaining
invariants under a certain symmetry group and the problem of
writing objective functions are of different natures. In general it
should be solved by two different steps (see Thionnet and Martin,
2006). In the literature it is usual to not distinguish those two
aspects of the construction and that is the reason why the trace is
so often involved in the classical invariants (see next sub-section).
Indeed the introduction of the trace insures that the resulting
scalar valued function is objective. In this paper we succeed in
solving the two aspects in one step because we apply the Theory of
invariants in a frame-indifferent set up thanks to the introduction
of the qi.3.5. Comparison between the proposed invariants and the classical
ones
In the context of biomechanics, the biological tissues such as
muscles, tendons or ligaments are considered as composite mate-
rials with some collagen ﬁbers represented by preferred directions
2256 A.-T. Ta et al. / International Journal of Solids and Structures 50 (2013) 2251–2258(Holzapfel et al., 2000; Peng et al., 2006; Wu and Yao, 1976; Natali
et al., 2009; deBotton and Shmuel, 2009; Merodio and Ogden,
2006; del Palomar and Doblare, 2006; Klisch and Lotz, 1999; Schrö-
der et al., 2005; Balzani et al., 2006). The response of this type of
material is strongly anisotropic and requires the introduction of
additional structural tensors (Boehler, 1977; Boehler, 1978; Boehler,
1979). These structural tensors represent the anisotropy of material
and are connected to the preferred direction of collagen ﬁbers. Liter-
ature in the ﬁeld of behavior laws of biomechanics is extremely
important butmostmodels use all or part of the following invariants
I1 ¼ trðCÞ I2 ¼ 12 ½trðCÞ
2  trðC2Þ I3 ¼ detC
Ja4 ¼ trðCa aÞ Jb4 ¼ trðCb bÞ J6 ¼ trðCa bÞ
Ja5 ¼ trðC2a aÞ Jb5 ¼ trðC2b bÞ J7 ¼ trðC2a bÞ
ð55Þ
The classical invariants I1; I2 and I3 are involved in the isotropic part
of the energy density of thematerialwhile the others typically repre-
sent the anisotropy of the material. The isotropic part only uses C
while the anisotropic part combines C and the ﬁber directions a
andb.Without aiming to be exhaustive, Table 1provides anoverview
of some features of behavior laws in terms of invariants.
Using basic but tedious mathematical calculation, it is easy to
express the invariants deﬁned by (55) in terms of q1;q2; . . . ;q6.
I1 ¼ q1 þ q2 þ q3 ð56Þ
I2 ¼ q1q2 þ q1q3 þ q2q3  ðq24 þ q25 þ q26Þ ð57Þ
I3 ¼ q1q2q3 þ 2q4q5q6  ðq1q26 þ q2q25 þ q3q24Þ ð58Þ
Ja4 ¼
1
2
fð1þ cosU0Þq1 þ ð1 cosU0Þq2  2 sinU0q4g ð59Þ
Jb4 ¼
1
2
fð1þ cosU0Þq1 þ ð1 cosU0Þq2 þ 2 sinU0q4g ð60Þ
Ja5 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cosU0
p
q1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 cosU0
p
q4
 2
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 cosU0p q2  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ cosU0p q4 2
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ cosU0p q5  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 cosU0p q6 2
8><
>:
9>=
>; ð61Þ
Jb5 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cosU0
p
q1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 cosU0
p
q4
 2
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 cosU0p q2 þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ cosU0p q4 2
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ cosU0p q5 þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 cosU0p q6 2
8><
>:
9>=
>; ð62Þ
J6 ¼
1
2
fð1þ cosU0Þq1  ð1 cosU0Þq2g ð63Þ
J7 ¼
1
2
ð1þ cosU0Þðq21 þ q24 þ q25Þ  ð1 cosU0Þðq22 þ q24 þ q26Þ
 
ð64ÞTable 1
Invariants of behavior laws.
I1 I2 I3 Ja4 Jb4 J
a
5 Jb5 J6 J7
Wu and Yao (1976) x x x x x x x x x
Peng et al. (2006) x x x x x x x
Natali et al. (2009) x x x x x x
deBotton and Shmuel (2009) x x x
Merodio and Ogden (2006) x x x x x x x
Holzapfel et al. (2000) x x x
del Palomar and Doblare (2006) x x x
Klisch and Lotz (1999) x x x x x x x x
Schröder et al. (2005) x x x x x x x
Balzani et al. (2006) x x x x x xwhere U0 (0 < U0 < p) represents the angle between the two ﬁbers
directions a and b (Fig. 1).
We observe from (56)–(58), (63) and (64) that I1; I2; I3; J6 and
J7 are invariant under the material symmetry group, because they
are expressed as a polynomial of q1; q2; q3; q24; q25 and q26. On the
other hand, it follows from (59)–(62) that Ja4; J
b
4; J
a
5 and J
b
5 depend
on q4; q5 and q6 which are not invariant under the material sym-
metry group S8 (refer to Remark 1). Therefore J
a
4; J
b
4; J
a
5 and J
b
5 are
not invariant under S8. To be invariant, it would have been neces-
sary that Ja4; J
b
4; J
a
5 and J
b
5 have depended on q24; q25 and q26 instead
of q4;q5 and q6. In fact, this could have been seen directly from
deﬁnitions (55) that Ja4; J
b
4; J
a
5 and J
b
5 are not invariant under S8.
For instance, if we consider the action of T3, the reﬂection deﬁned
by (15), we obtain
trðT3CTT3a aÞ ¼ trðC½TT3a  ½TT3aÞ ¼ trðCb bÞ
– trðCa aÞ ¼ Ja4 ð65Þ
which proves that Ja4 is not invariant under S8 (the same reasoning
works for Jb4; J
a
5 and J
b
5).
In terms of consistency with the material symmetry group, the
proposed approach appears to be more appropriate than those
ones reported in the literature. Moreover, each invariant of the
integrity basis F1 can be physically interpreted while it is difﬁcult
to do so for some classical invariants as I1; I2; J5 and J7. Actually,
it results from (26) that the ﬁrst three invariants of F1 represent
the elongation squared in directions nð1Þ; nð2Þ and nð3Þ.
qi ¼ hCnðiÞ;nðiÞi ¼ kFnðiÞk2; i ¼ 1;2;3 ð66Þ
The next three invariants q24; q25 and q26 also take into account the
change of angle during the deformation for each couple
ðnð1Þ;nð2ÞÞ; ðnð1Þ; nð3ÞÞ and ðnð2Þ; nð3ÞÞ. Using again (26), we obtain
q24 ¼ q1q2 cos2U12; q25 ¼ q1q3 cos2U13; q26
¼ q2q3 cos2U23 ð67Þ
where cosUij represents the angle between the deformed directions
FnðiÞ and FnðjÞ. The last invariant q4q5q6 ﬁnally takes into account
the changes in length and in orientation of the three directions
nð1Þ; nð2Þ and nð3Þ. It actually results from (26) that
q4q5q6 ¼ q1q2q3 cosU12 cosU13 cosU23 ð68Þ
The last advantage of our approach is that it does not require to sep-
arate the strain energy density in isotropic and anisotropic part as it
is usually done in the literature (Holzapfel et al., 2000, 2002; deBot-
ton and Shmuel, 2009; Hariton et al., 2007; Kao et al., 2010; Peyraut
et al., 2010; Kroon and Holzapfel, 2008).4. Conclusion
By using the mathematical theory of invariants, we presented in
this paper a systematic method to ﬁnd a list of invariants (more
precisely a set of generators of the ring of polynomial invariants)
associated with a material involving two ﬁber families. We intro-
duced ﬁrst the material symmetry group that contains three reﬂec-
tions, three rotations, identity tensor and its opposite. Secondly, by
using the Noether’s theorem and original developments, a set of
generators has been found. Each element of this set is exhibited
in a generic form where the intrinsic and the non intrinsic contri-
butions of tensors are splitted in two separated parts. It was next
demonstrated that this set can be built thanks to only seven terms
which form an integrity basis. It was also established that elements
of this integrity basis are invariant under the material symmetry
group and have a physical meaning, contrary to some classical
invariants. Finally, our approach overcomes the superposition of
A.-T. Ta et al. / International Journal of Solids and Structures 50 (2013) 2251–2258 2257an isotropic strain-energy function and an anisotropic one as it is
usually practised in the literature.
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Tensor algebra
In this appendix, we recall some basic deﬁnitions and properties
of tensor algebra used in this paper.
Tensor product
Consider a family of n vectors að1Þ; að2Þ; . . . ; aðnÞ, the tensor prod-
uct of this family is deﬁned by
ðað1Þ  að2Þ  . . .  aðnÞÞi1 ...in ¼ ðað1ÞÞi1 ðað2ÞÞi2 . . . ðaðnÞÞin ð:1Þ
The result is therefore a tensor of order n. Consider two
tensors A and B of order m, the tensor product of them is
deﬁned by
ðA BÞi1 ...imj1 ...jm ¼ Ai1 ...imBj1 ...jm ð:2Þ
The tensor product of m second order tensors A1; . . . ;Am is de-
ﬁned by
ðA1  A2  . . . AmÞijkl...pq ¼ ðA1ÞijðA2Þkl . . . ðAmÞpq ð:3Þ
This results in a tensor of order 2m. Ifm identical tensors A are con-
sidered, it is noted
Am ¼ A A . . . A|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
mtimesA
ð:4ÞTensor contraction
Consider two families of vectors að1Þ; að2Þ; . . . ; aðkÞ and
bð1Þ; bð2Þ; . . . ; bðlÞ(kP l). According to (.1), að1Þ  að2Þ  . . . aðkÞ and
bð1Þ  bð2Þ  . . . bðlÞ are tensor of order k and l, respectively. We
deﬁne the tensor contraction of these two tensors by
ðað1Þ  að2Þ  . . .  aðkÞÞ : ðbð1Þ  bð2Þ  . . . bðlÞÞ
¼ að1Þ  . . . aðklÞ haðklþ1Þ;bð1Þihaðklþ2Þ;bð2Þi . . . haðkÞ;bðlÞi ð:5Þ
where h; i is the scalar product of two vectors.
Property 1. For any second order tensors A and B,
A : B ¼ AijBij ð:6ÞProperty 2. For any tensors of order m A and B,
A : B ¼ Ai1 i2 ...imBi1 i2 ...im ð:7ÞProperty 3. If A is symmetric,
hAa;bi ¼ A : a b ð:8ÞProperty 4. If A1; . . . ;Am are second order tensors,
ðA1 : ei  ejÞðA2 : ek  elÞ . . . ðAm : ep  eqÞ
¼ ðA1  A2  . . .  AmÞ : ðei  ej  ek  el . . . ep  eqÞ ð:9ÞReferences
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